Zirconia ͑ZrO 2 ͒ is a most important substance in materials science and technology due to its wide-ranging applications. Accordingly, there have been several investigations of its observed crystalline polymorphs. However, a systematic analysis of the elastic properties of the ZrO 2 structures is still lacking. In this paper the structural and elastic properties of the experimentally confirmed phases of zirconia are studied with densityfunctional theory. Comparisons are drawn among various methods of computing the elastic parameters as well as with existing experimental data and other theoretical investigations.
I. INTRODUCTION
Zirconium dioxide ZrO 2 ͑zirconia͒ is a very interesting material as it combines excellent mechanical ͑high fracture toughness and bulk modulus͒, thermal ͑low thermal conductivity, extremely refractory͒, chemical ͑chemically inert, corrosion resistant͒, and dielectric ͑high dielectric constant͒ properties. There are consequently many technological applications of this substance, ranging from solid-oxide fuel-cell design to oxygen detection, from nuclear waste confinement to thermal barrier coating, from microelectronics to bone prosthetics in dentistry and orthopaedy ͑see for instance Refs. 1-8 and the references therein͒.
Zirconia exists under at least five crystalline phases with different symmetries 9, 10 ͑see Fig. 1͒ . The monoclinic P2 1 / c polymorph is the only one found at room conditions whereas the tetragonal P4 2 / nmc and the cubic Fm3m phases are stable above 1400 and 2600 K and the two orthorhombic Pbca and Pnma phases above 3 and 20 GPa, respectively. [9] [10] [11] [12] [13] [14] The given values are highly dependent on the actual state of aggregation ͑monocrystals versus polycrystalline aggregates͒ as well as on the thermal and loading history, purity, etc. As these five zirconia structures are centrosymmetric, they are all nonpolar and nonpiezoelectric. The transitions among the various ZrO 2 phases are also very interesting.
Owing to its widespread use and technological importance zirconia has been heavily studied both experimentally and theoretically. Unfortunately, its experimental investigation is particularly difficult. The cubic and tetragonal phases require high to very high amounts of dopants ͑up to 40% in molar content͒ to be stabilized at ambient conditions; this leaves open the question of the influence of such doping on the measured properties. 15, 16 The monoclinic phase is prone to twinning; it is therefore difficult to grow large homogeneous crystals required for elasticity measurements. 9, 17 Finally, the two orthorhombic phases are stable at high pressure ͑even though the Pnma phase can be recovered at ambient conditions 11, 12 ͒, making in situ neutron-diffraction studies somewhat impractical while x-ray diffraction is known not to be very sensitive for oxides. 9, 18 All this contributes to explain why, to this day, many fundamental aspects of zirconia mechanics have not been completely elucidated; for instance, the phase diagram at high pressures and temperatures is still largely unknown, the exact microstructural mechanisms of many of its phase transitions are still unclear, and even the experimental values of the elastic moduli of the pure phases are not all very well characterized.
The theoretical knowledge of zirconia is consequently still incomplete as it is often "͓ ...͔ not clear with which of the different experimental data the theory must agree ͓ ...͔. 19 " Semi-or fully-empirical models have been used with success for several purposes; 8, [19] [20] [21] [22] first-principles methods have been used as well for studying the structural, electronic, or vibrational properties. 4, [23] [24] [25] [26] [27] [28] [29] [30] [31] However, no detailed investigations have been performed on the elastic constants of ZrO 2 through a state-of-the-art first-principles approach. This is therefore the main purpose of the present paper. We aim at filling this gap in basic knowledge through a careful theoretical analysis in view also of providing useful benchmarks which may help future experimental work in this area. We take advantage of the recent theoretical framework 32 proposed for computing elastic properties, which here we also compare directly with more classical methods ͑see for instance Refs. 33-37 and the references therein͒.
After the brief description of an empirical model showing the limitations of an ionic approach for zirconia ͑Sec. II͒, we present the three pseudopotentials used in this paper to compute the structural and elastic properties of ZrO 2 , as well as the computational setup ͑Sec. III͒. The five polymorphs represented in Fig. 1 are examined in turn; the resulting properties are then discussed and compared with available experimental and computational data ͑Sec. IV͒.
II. EMPIRICAL IONIC MODEL
where Z i e is the electric charge of ion i and the coefficients A ij , C ij , and r ij pair-dependent parameters to be fitted to experiment. This interaction is used in conjunction with a breathing ion model for oxygen: a distinction is made between the core ͑nucleus+ core electrons͒ and the shell ͑valence electrons͒, which models the polarizability of oxygen. Static computations using the GULP package 44 similar to those described in Sec. III B below enable the determination of the structural and elastic parameters. The results for the potential defined in Eq. ͑1͒ as parametrized by Lewis and Catlow, 40 for T = 0 K and p = 0 Pa, are referred to as LC in all the following tables. Other parametrizations have also been studied, 8, 41 resulting in no significant differences.
The lattice parameters are all correctly reproduced ͑see Sec. IV͒ with a precision comparable to first-principles computations. On the contrary, ionic coordinates are not always as accurate, showing evidence of missing physical features in the empirical model. This is especially true of the first group of oxygen ions in the monoclinic structure and even more so of the orthorhombic Pbca. Furthermore, the elastic constants are typically overestimated ͓a feature shared by the purely electrostatic potential induced breathing ͑PIB͒ model 45 ͔, with few exceptions ͑such as the tetragonal C 33 ͒.
The main problem with the potential given in Eq. ͑1͒ is the predicted relative energetics of the phases; contrary to observations ͑see Sec. IV͒, the sequence from most to least stable is found to be: cubic, tetragonal, monoclinic, orthorhombic Pbca, and orthorhombic Pnma. This is in line with the predictions of the PIB model giving the sequence as cubic, orthorhombic Pnma, orthorhombic Pbca, tetragonal, and monoclinic.
This result confirms the work of Ho ͑Ref. 46͒ stating the mixed covalent-ionic character of the Zr-O bond in zirconia thereby requiring a quantum-mechanical description of the interactions.
III. COMPUTATIONAL DETAILS
The following computations have been performed with the open-source package ABINIT. [47] [48] [49] Three different sets of pseudopotentials have been used ͑see below͒, based on allelectron scalar-relativistic computations using the PerdewBurke-Ernzerhof ͑PBE͒ exchange-correlation functional 50 and including nonlinear partial core corrections according to the scheme of Louie, Froyen, and Cohen 51 for zirconium ͓r core varying from 0.8 ͑TM, RRKJ͒ to 1.2 a.u. ͑PAW͔͒. We remark that there is indeed a significant overlap of the core and valence charge densities between 0.4 and 1.2 a.u. away from the nucleus. Zirconium is also characterized by strong overlap of the 4s, 4p, and 4d wave functions; consequently, as discussed elsewhere, 3, 26, 52, 53 the N shell must be included in the valence electrons in order to obtain reasonably accurate lattice parameters. A. Pseudopotentials, sampling, cutoff energy "PAW" set. The first pseudopotential set was built using the Vanderbilt ultrasoft scheme 54 and recast in the projected augmented wave ͑PAW͒ formalism; [55] [56] [57] [58] the USPP, 59 and USPP2ABINIT 60 packages were used to generate the potentials. For both atomic species, the reference configuration is that of the neutral atom. For Zr the complete n = 4 shell and the 5s subshell constitute the valence electrons; the cutoff radii for the s, p, and d subshells are 1.8, 2.0, and 2.2 a.u., respectively. For O the valence electrons are those of the 2s and 2p subshells with a cutoff radius of 1.1 a.u. for both.
These two pseudopotentials used together are hereafter referred to as PAW. It should be noted that the ultrasoft potentials on which the PAW set is based are those of Vanderbilt's USPP package ͓with the PBE in lieu of the PerdewWang 91 ͑Ref. 61͒ exchange-correlation functional͔ and that they also appear as such in the QUANTUM-ESPRESSO 62,63 distribution.
"RRKJ" set. The second set of pseudopotentials was built from scratch using the norm-conserving Rappe-RabeKaxiras-Joannopoulos optimized scheme 64 and the OPIUM pseudopotential generator; 65 the reference configuration for zirconium was chosen to be that of the Zr 4+ ion with the 4s, 4p, 4d, and 5s states as valence and cutoff radii of 1.68, 1.73, 1.79, and 1.72 a.u., respectively, whereas the oxygen configuration is exactly as above with 1.53 and 1.6 a.u., respectively, for the cutoff radii of the s and p subshells. l = 3 and l = 0 are the local components for Zr and O, respectively.
"TM" set. The third set, built using the FHI98PP 66 package is based on the same reference configuration as for the PAW set; the Troullier-Martins norm-conserving scheme was used to generate the potentials. Cutoff radii are as for the RRKJ set. The local component is chosen to be l = 2 for both atoms.
For any of the above sets, the pseudopotentials have been given relatively small cutoff radii in order to avoid large overlaps, considering that the Zr-O distance in all phases is typically between 3.6 and 4.2 a.u. ͑see in particular the discussion in Ref. 29 
B. Computations of structural and elastic parameters
Structural parameters are found by minimizing the total energy with respect to symmetry-preserving deformations and ionic displacements; ABINIT includes a BroydenFletcher-Goldfarb-Shanno minimization scheme ͑BFGS͒. Initial values for the minimization were taken from available experiments.
Elastic parameters have been computed using either energy-interpolation or finite-difference methods, [33] [34] [35] the second being faster but less accurate, as forces and stresses are not variational quantities in the Kohn-Sham formalism. However, an increasing number of deformations is required as the symmetry of the structure is lowered and many points must be computed to obtain a reasonable interpolation: the computation time thus increases considerably. Details on both methods can be found in Refs. 33-37. ABINIT also includes the treatment of response functions; elasticity is implemented according to the framework laid out in Ref. 32 . It should be noted that the given expressions for the mixed second derivatives of the energy ͓Eqs ͑15͒ and ͑16͔͒ are nonstationary ͑exactly as forces and stresses͒ and the formalism is valid for norm-conserving pseudopotentials only. The finite-difference method was therefore used preferentially for overall consistency; following the recommendations of Ref. 32 , a tight limit of 10 −10 Ha bohr −1 for interionic forces was imposed to obtain accurate elastic moduli. Table I shows a comparison between the various methods for the TM set in the cubic and tetragonal cases. Results are similar with differences not exceeding 10% across the table except for the tetragonal moduli C 13 and C 44 .
C. Convergence properties
Two types of convergence are checked: convergence of the lattice parameters and of the elastic moduli. For reasons of computational cost a full investigation of the convergence with respect to the number of grid points has been undertaken for the cubic case only; there is virtually no dependence on the grid density. Some computations done in the tetragonal case showed however a dependence comparable to the influence of the cutoff energy. Results for E cut =30 Ha and a 10ϫ 10ϫ 10 Monkhorst-Pack grid remain within 2.5% of those obtained for E cut =90 Ha and a 4ϫ 4 ϫ 4 grid.
Structural parameters, as it is well known, converge quickly even with moderate values of the cutoff energy; in the most unfavorable case ͑RRKJ set͒, the relative differences between the computations done with the lowest and highest cutoff energies do not exceed 0.5%.
Accurate values of the elastic constants require a higher cutoff. The RRKJ set shows a uniformly slow convergence while the other two are better behaved; in the tetragonal case however, convergence is more difficult to reach even for the PAW set of potentials.
IV. RESULTS AND DISCUSSION

A. Relative energetics of polymorphs
The monoclinic phase is found to have the minimum ground-state energy ͑see Table III͒, in agreement with experimental data. In order of increasing ground-state energy are then found: the orthorhombic Pbca, tetragonal, cubic, and orthorhombic Pnma polymorphs. This agrees with the ordering given by Refs. 21 and 30 and the partial ordering of Refs. 26, 29, and 68 but is in contrast with the findings of Ref. 69 , which places the two orthorhombic phases at a lower energy than the monoclinic polymorph.
We notice that the hierarchy of relative stability ͑mono-clinic, orthorhombic Pbca, then tetragonal͒ found by the computations at T = 0 K and p = 0 Pa, as reported in Table II , agrees better with the experimentally observed behavior of zirconia when raising pressure at constant room temperature rather than when raising temperature at constant room pressure ͑see the phase diagrams of Refs. 2, 9, 70, and 71͒.
B. Cubic Fm3m phase
The cubic polymorph, isostructural to fluorite CaF 2 ͑num-ber Z of formula units per primitive cell equal to 1͒ is characterized by Zr ions at Wyckoff position 4a ͑0,0,0͒ and O ions at position 8c ͑1/4,1/4,1/4͒; each Zr 4+ ion is coordinated with 8 O 2− ions. The computations show that the cubic phase is unfavored ͑the ground-state energy ranging from +70 to +80 meV/ atom with respect to that of the monoclinic phase͒; only the orthorhombic Pnma has a higher ground state. Structural data are correctly reproduced as summarized in Table IV. There has been much discussion about the influence of dopants ͑especially yttria͒ on the elastic properties of this phase; the present work agrees with the observations of Ref.
29 on the reduction ͑for doped cubic zirconia͒ of the elastic moduli, yielding a large difference ͑+25%͒ for C 11 , and consequently for the bulk modulus B 0 , and with Ref. 30 which reports, also from first-principles computations, B 0 = 251 GPa.
Another interesting information is the anisotropy coefficient ͑C 11 − C 12 ͒ / ͑2C 44 ͒ as evaluated by Brillouin scattering and ultrasound measurements; 83, 84 by extrapolating the mass content of yttria to zero, the above coefficient is found to be 3.62Ϯ 2.05 ͑the lack of data points being responsible for the large error͒. The present computed values for PAW, RRKJ, and TM are 3.55, 3.35, and 3.38, respectively, in good agreement with experimental data.
It is also useful to consider the linear compressibilities i , i =1,2,3, defined as
where S is the compliance matrix and i refers to the Cartesian axes as usual, i.e., i =1→ ͓100͔, i =2→ ͓010͔, and i =3 → ͓001͔. Linear compressibilities are easily computed from experiment when the pressure is varied, enabling a direct comparison between computations and experimental data. Results are given in Table III ; the present computations are consistent with the experimental data which, however, are quite scattered.
C. Tetragonal P4 2 Õ nmc phase
The tetragonal polymorph is composed of Z = 2 f.u. per primitive cell; Zr and O ions are in Wyckoff position 2a͑3/4,1/4,3/4͒ and 4d͑1 / 4,1/ 4,z͒, respectively, z = 0 corresponding to the cubic phase. The tetragonal phase can also be represented by a face-centered cell with twice the volume of the primitive cell ͑see Fig. 1 and Appendix A͒, which shows most clearly that the columns of O ions are displaced alternately "up" and "down" with respect to their positions in the cubic fluorite structure; these displacements are the eigenvectors of the X 2 − cubic mode. 85 The tetragonal polymorph is stable only between approximately 1400 and 2650 K; the lower bound is highly dependent on the thermal and load history of the sample. 70, 71, [86] [87] [88] [89] [90] [91] [92] [93] Dopants ͑principally magnesia MgO and ceria CeO 2 ͒ are used in lesser proportions than for the cubic polymorph ͑typically 10% mol or less͒.
The calculated structural parameters are in good agreement with experiment for a and the free internal parameter z; c is slightly overestimated, exactly as in Ref. 26 but is still within 2% of the experimental value.
The elastic moduli have been computed in the conventional cubic axes ͓value indicated with a ͑c͒ in Table V͔ , in order to compare computations for the various polymorphs. The corresponding transformation from the primitive tetragonal axes is described in Appendix A. Apart from Refs. 19 and 20, the cited works do not explicitly state which Cartesian axes are used; we have therefore indicated the elastic constants in the primitive tetragonal axes too ͓value indicated with a ͑t͒ in Table V͔. The computed elastic properties are far more at variance with experiment than for the cubic case; experimental difficulties ͑for instance microtwinning 16 ͒ and the necessity to use doped crystals 16 may all be sources of divergence with the first-principles computations. Table III shows a good convergence on compressibility along the ͗100͘ direction whereas there is serious disagreement for the orthogonal direction ͓001͔ ͑from 1.8 ϫ 10 −3 GPa −1 to nearly twice as much͒; however, except for Ref. 73 , the ͓001͔ direction is given as being more compressible than the ͗100͘ direction. The tetragonal phase shows a high degree of elastic anisotropy in contrast to the cubic phase of which it is a slight deformation; see the discussion at the end of the next paragraph. As pointed out by Refs. 19 and 20, it is natural to relate this anisotropy to the deformed coordination octahedron of the zirconium ion; a detailed electronic analysis ͑for instance with the electron localization function as done in Ref. 94 for ReB 2 ͒ may help obtain a better understanding of this issue.
D. Monoclinic P2 1 Õ c phase
The monoclinic polymorph, while retaining the facecentered layout of the cubic and tetragonal phases, shows considerable distortion; the coordination number for Zr decreases to 7. There are Z = 4 f.u. per primitive cell; Zr cations ͑one set of ions͒ and O anions ͑two sets͒ are all in Wyckoff position 4e͑x , y , z͒.
As mentioned in Sec. I, baddeleyite is prone to twinning on both ͕100͖ and ͕110͖ sets of equivalent planes, and is therefore difficult to grow in macroscopic monocrystals necessary for experimental studies.
All structural parameters are well reproduced, including the internal atomic positions; the only relevant difference is for the monoclinic angle ␤, which is slightly overestimated with respect to experiment and some other computations, but in close agreement with Refs. 29 and 30.
The elastic coefficients are computed in the basis indicated in Fig. 2 . They are in fair agreement with experimental data for the diagonal part. Off-diagonal terms are less accurate, in particular C 13 and the C i5 , i =1,2,3 ͑wrong sign or magnitude or both; see however the comment on 2 below͒; this is still in line with published results, see Table VI . Table IV . ER indicates that the ABINIT elastic response module was used to compute the elastic properties.
͑c͒ indicates that the elastic constant is given in the cubic axes, ͑t͒ in the primitive tetragonal axes, and no indication means that the chosen set of axes is unknown; see Appendix A for details. Data on linear compressibilities can be found in Table III ; the expression of ␤ =−͑1 / ␤ 0 ͒ ‫ץ‬ ␤ / ‫ץ‬p is given in Appendix B, whereas the computations of the compressibilities along ͓100͔ m and ͓001͔ m require a change of Cartesian axes ͑see Fig. 2͒ . The monoclinic phase shows a high elastic anisotropy for nearly all the cited references, except for Ref. 9 : the compressibilities in the ͓100͔ m and ͓001͔ m directions are given as having approximately the same magnitude, while being two or three times larger than the compressibility along the twofold axis ͓010͔ m .
Tetragonal
The monoclinic angle ␤ is found to increase as pressure is applied, according to Refs. 17 and 79. Conversely, present calculations and other experiments 9 predict the opposite trend. Of note is the unphysical negative value of 2 found experimentally in Ref. 17 , which illustrates the difficulties faced when measuring elastic constants.
A comparison of the computed elastic properties of the cubic, tetragonal, and monoclinic phases shows that there is a gradual decrease, from cubic to monoclinic, in the value of C 11 ͑from Ϸ520 to Ϸ350 GPa͒, while a distinct elastic anisotropy appears with the tetragonal and monoclinic polymorphs, the terms of each of the pairs C 11 and C 33 , C 44 and C 66 , and C 12 and C 13 being quite different in magnitude. In contrast with the other two polymorphs, the tetragonal phase has a low shear modulus, as seen from the values of the moduli C 44 and C 66 .
E. Orthorhombic Pbca phase
The first of the two orthorhombic phases, often referred to as Ortho-I in the literature ͑as it is the first polymorph found when increasing pressure͒, is isostructural to brookite TiO 2 ; this is the only known case for which zirconium and titanium have isostructural oxides. Z = 8 f.u. is found per primitive cell; Zr ions ͑one set͒ and O ions ͑two sets͒ occupy all Wyckoff position 8c͑x , y , z͒. The coordination number is 7; as can be seen from Fig. 1 , this structure results from two deformed fluoritelike cells joined along the ͓100͔ o axis.
The calculated structural parameters compare fairly well with experiment and with the published computations ͑see Table VII͒ . No experimental data appear available on elastic moduli except for the bulk modulus, evaluated at 220 GPa from a Birch-Murnaghan fit;
9 agreement is excellent with the present work, as well as with Ref. 30 , which reports a value of 204 GPa also from first-principles computations. There exist however data on linear compressibilities, as shown in Table III .
The discrepancies found in the table might be explained by: ͑i͒ The low energy cutoff ͑30 or 40 Ha͒; however, at least for the PAW set, convergence is not really a problem; ͑ii͒ an insufficient sampling of the BZ ͑a problem not easily overcome, as computations on the orthorhombic Pbca structure with its 192 electrons are very time consuming͒; ͑iii͒ the fact that x-ray diffraction measurements were used in the experiment of Ref. 9 . While this is not as precise as neutron diffraction, errors are not expected to be large. However, the x-ray diffraction pattern could be indexed on a wrong structure because the low scattering factor of oxygen might lead to a confusion of otherwise distinguishable positions. Other experimental problems are listed in Ref. 9 and any of these might contribute to explain the divergence observed in Table  III .
F. Orthorhombic Pnma phase
The second of the two orthorhombic polymorphs, often referred to as Ortho-II in the literature, is isostructural to cotunnite PbCl 2 . Z = 4 formula units are found per primitive cell; Zr ions ͑one set͒ and O ions ͑two sets͒ occupy all Wyckoff position 4c͑x ,1/ 4,z͒. The coordination number rises to 9; the zirconium sublattice is the most heavily deformed with respect to the fluorite prototype.
According to Ref. 11, the bulk modulus of the orthorhombic Pnma phase is 332 GPa, which would put this polymorph, along with the other oxides of the groups 4 and 8 Table VIII ; the latter is not as sensitive as the former for oxides because of the low scattering factor of oxygen. 9, 18 All other published results are also closer to the neutron-diffraction experiment.
The computed elastic coefficients compare reasonably well with Ref. 19 , with some exceptions, for instance, C 22 ; the PAW and TM sets give very similar results, with lower values for the diagonal coefficients than for Ref. 19 and the RRKJ set. These differences appear in the bulk modulus too, which in any case remains far lower than the experimental value of 332 GPa reported above, 11 while in agreement with another first-principles computation 30 reporting 251 GPa. As There is also a divergence regarding linear compressibilities, as seen in Table III . New experiments are necessary for a better understanding of this potentially interesting polymorph.
V. CONCLUSIONS
We have examined the structural and elastic properties of the five zirconia polymorphs, computing their complete stiffness matrices by first-principles methods. When feasible, the results of the different procedures for computing the elastic moduli were compared, resulting in overall good agreement ͑10% or less, with two exceptions͒; the finite-difference method proved to be a good compromise between accuracy and speed.
The three sets of pseudopotentials used in this paper converged toward similar values of the structural and elastic parameters, in close agreement with Refs. 26 and 30, where the generalized gradient approximation was also used. The elastic properties compare reasonably well with published results, except for the tetragonal phase.
The cubic phase is found to be harder than experimentally observed; conversely, the Pnma phase is softer. This is in accordance with other computations [19] [20] [21] 24, 29, 30, 45 but in disagreement with experiment. 11, 12, 98 
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APPENDIX A: THE TETRAGONAL ELASTIC MODULI IN THE CONVENTIONAL CUBIC BASIS
It is sometimes convenient to compute the elastic moduli of the tetragonal phase in a system of Cartesian axes oriented along the conventional cubic axes ͓͑110͔ t = ͓100͔ c , ͓110͔ t = ͓010͔ c , ͓001͔ t = ͓001͔ c ͒, where the t and c indices refer to the tetragonal and cubic phases, respectively. This enables a quick comparison between all polymorphs, which, as noted in Fig. 1 , share the same face-centered layout of the cubic phase.
Let two sets e and eЈ of orthonormal basis vectors be related by an orthogonal transformation U, 
S ijkk , ͑B1͒
with e 12 = e 23 = 0 by monoclinic symmetry. In the preceding Cartesian basis, the deformation of the monoclinic cell under the application of pressure p is consequently 11 along a ជ 0 ‫ء‬ . It can be checked that the value of ␤ is independent of the chosen Cartesian axes, provided the expression ͑B2͒ is modified accordingly: for instance, choosing x along ͓100͔ m , y still along ͓010͔ m , and z orthogonal to both ͑i.e., along c ជ 0 ‫ء‬ ͒, Eq. ͑B2͒ is modified by exchanging the indices 1 and 3; of course the compliance tensor must be recomputed in the new basis by using the transformation ͑A1͒. *fadda@dsf.unica.it
